MULTISCALE MODEL. SIMUL. (© 2008 Society for Industrial and Applied Mathematics
Vol. 7, No. 3, pp. 1101-1129

DIRECT NUMERICAL SIMULATION OF TURBULENCE USING
DIVERGENCE-FREE WAVELETS*

ERWAN DERIAZ' AND VALERIE PERRIER}

Abstract. We present a numerical method based on divergence-free wavelets to solve the
incompressible Navier—Stokes equations. We introduce a new scheme which uses anisotropic (or
generalized) divergence-free wavelets and which needs only fast wavelet transform algorithms. We
prove its stability and show convincing numerical experiments.
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Introduction. The numerical simulation of turbulent flows has many applica-
tions in various engineering and environmental problems. Direct numerical simulation
(DNS) of turbulence requires the integration in time of the full nonlinear Navier—
Stokes equations. However, at high Reynolds number, turbulent flows create a wide
range of scales, which induces a huge degree of complexity. Hence, in order to ac-
curately compute all the scales of a turbulent flow, the discretizations in space and
in time must be of very small size, leading to a huge number of degrees of freedom,
impossible to handle in the DNS of industrial problems.

DNS of homogeneous turbulent flows has been performed extensively to increase
the understanding of small-scale structure mechanisms. Among the computational
methods commonly used for these simulations, one can cite spectral methods, well
localized in frequency [5], or finite element methods, well localized in physical space
[21]. In between these two approaches, wavelet bases offer alternative decompositions,
more suitable to represent the intermittent spatial structure of the flows.

The wavelet decomposition was first introduced in fluid mechanics to analyze
turbulent flows [32, 17, 29, 23]. The first wavelet-based schemes for the computation
of homogeneous turbulent flows looked promising [6, 20, 26, 22], especially concerning
adaptivity issues. These wavelet schemes are based on Galerkin, Petrov—Galerkin, and
collocation methods but also on wavelet/vaguelette decompositions. Wavelets may
also be used for turbulence modeling [19]. Most of the cited works use wavelets as a
decomposition basis of the vorticity field, with periodic boundary conditions, which
makes the generalization to nonperiodic boundary conditions very difficult.

Another serious difficulty in the numerical simulation of the Navier—Stokes equa-
tions lies in the determination of the pressure field and in the fulfillment of the incom-
pressibility condition. In the primitive variable (u, p)-formulation of the Navier—Stokes
equations, physical boundary conditions (on the welocity) can be easily incorporated,
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but, from the numerical point of view, the computation of the velocity and the pressure
presents some difficulties: in the setting of classical discretizations, like spectral meth-
ods (in the nonperiodic case) [3], finite element methods [21], or wavelets [10, 18, 4],
the discretization spaces for the velocity and for the pressure have to fulfill an inf-sup
condition (also called an LBB condition); otherwise spurious modes appear in the
computation of the pressure which break the incompressibility condition. Moreover,
numerical difficulties arise in the computation of the pressure, since it asks one to
solve an ill-conditioned linear system (in the variational formulation) or a Poisson
equation.

Provided that divergence-free trial functions are available for the computation of
the velocity field, these difficulties will be totally avoided: first, the incompressibility
condition is directly taken into account by the approximation space of the velocity.
Moreover, the pressure disappears after projecting the velocity equation onto the space
of divergence-free vector functions (leading to the Leray formulation of the Navier—
Stokes equations), and it will be computed through the Helmholtz decomposition of
the nonlinear term.

Therefore in this article we propose using divergence-free wavelets as a decom-
position basis of the wvelocity field, the solution of the incompressible Navier—Stokes
equations. Such wavelets were originally defined by Lemarié-Rieusset [28], and first
used to analyze two-dimensional (2D) turbulent flows [1, 25], as well as to compute
the Stokes solution for the driven-cavity problem [36, 38]. We will consider here the
anisotropic divergence-free wavelets constructed in [14]. The key point of such a nu-
merical scheme based on divergence-free trial bases lies on the orthogonal projection
of the nonlinear term onto the space of divergence-free functions, which is explicit
in the Fourier spectral case. Since divergence-free wavelets are not orthogonal bases,
we propose in [15] an iterative algorithm to provide the Helmholtz decomposition of
any flow in the wavelet domain. Then we are in a position to define a new numerical
scheme for solving incompressible Navier—Stokes equations: first, we project the equa-
tions onto the space of divergence-free vector fields, which eliminates the pressure.
Second, we introduce a semi-implicit time scheme and propose an algorithm which
requires only fast wavelet transforms for the computation of the velocity (contrary to
finite element methods which need linear systems solvers). Finally, the pressure is di-
rectly recovered through the Helmholtz decomposition of the nonlinear term, without
any further computation.

Hence, by construction, this scheme takes benefit from the localizations both
in the space and frequency allowed by wavelets and should be used in a completely
adaptive context. It should also be available in arbitrary dimension and extend readily
to nonperiodic boundary conditions.

From a numerical point of view, the scheme we propose will be proved to be stable
under a Courant—Friedrich-Levy (CFL) condition, provided that a sufficiently smooth
solution exists. The stability of this wavelet scheme is mainly due to the divergence-free
condition which is automatically and exactly satisfied by the divergence-free wavelet
decomposition of the solution.

The paper is organized as follows. Section 1 briefly recalls the definitions of
anisotropic divergence-free and curl-free wavelets. Section 2 presents the wavelet
Helmholtz decomposition, as well as a wavelet numerical scheme for solving the heat
equation. Section 3 introduces a new numerical scheme for the incompressible Navier—
Stokes equations and studies its stability. Finally, section 4 shows numerical tests on
the example of the merging of three vortices in dimension 2. The last part of this



DNS WITH DIV-FREE WAVELETS 1103

section gives insight into how to make the method adaptive, with the support of some
experiments.

1. Divergence-free and curl-free wavelets. One-dimensional wavelet bases
are (typically orthogonal or biorthogonal [8]) bases of the space L?(R) which have
the form 1 x(z) = 27/24(27x — k) (j,k € Z), where the mother wavelet ¢ is a zero
mean function [31, 24]. They are known to provide optimal approximations for a large
class of functions [9]. From the numerical point of view, wavelet coefficients of a given
function are computed by fast wavelet transforms (FWTs). In this setting, compactly
supported divergence-free wavelet bases have been constructed by Lemarié-Rieusset
[28], and Urban has extended the principle of their construction to derive curl-free
wavelets [37].

In this section we will recall the definitions of anisotropic divergence-free and
gradient (i.e., curl-free) wavelets. These wavelets are constructed thanks to two one-
dimensional (1D) wavelets 1y and 1, related by differentiation: ¢} (z) = 4 1o (x) [28].

For the sake of simplicity, below we give the expressions of the basis functions
in dimension 2, but these constructions have been extended in arbitrary dimension d
14, 15, 11].

1.1. Divergence-free wavelets. The 2D anisotropic divergence-free wavelets
are generated from the vector function (plotted in Figure 1, left)

v _ | ¥i(@1)po(22),
U () = —to(x1)1(x2)

by anisotropic dilations and translations. Hence, the 2D anisotropic divergence-free
wavelets are given by

2924py (27121 — k1) (27220 — k2),

div _ 7 ; N
Wik (@1, 02) = ‘ —2714pg (27 1 — k1)1 (2720 — ka),

where j = (j1,j2) € Z? is the scale parameter, and k = (ky, k2) € Z? is the position
parameter. For j, k € Z?2, the family {\IIJC“IZ} forms a basis of

Haiv o(R?) = {f € (L*(R?))? ; div f € L*(R?), div f = 0}.

We introduce

n _ | 271 (2 @ — k1 )dho (27222 — ka),
ialen @) = 2724po (271 w1 — k1)1 (2729 — ko)

as complement functions since W3, is orthogonal to \I/Jdllz (j, k being fixed). Thus we
have

(1.1) (L*(R?))? = Haiy,0 © H,

with Hagiv 0 = span{\Ilgiﬁ’ ; j,k€Z? and H, = span{V}, ; j.k € 72}.

1.2. Curl-free wavelets. Let Hey10(R?) be the space of gradient functions in
L?(R?). We construct gradient wavelets by taking the gradient of a 2D wavelet basis.
If we neglect the L?-normalization, then the anisotropic gradient wavelets will be
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defined by

1 . .
WSk (w1, 00) = 7 V (U127 21 — k) (2722 — ko))
2990 (27 @y — k)91 (222 — k),

2j21/)1(2j1$1 — kl)w0(2j2$2 — kg)

For j = (0,0) the function is plotted in Figure 1, right. For j = (j1,j2), k = (k1, k2) €
72, the family {\IIJC‘L‘"I} forms a wavelet basis of Heu0(R?), where Hey o will be
defined in section 2.1.1. We complete this basis to a (LQ(RQ))Q-baSiS with the following
complement wavelets:

2724)0(27 1 — kq)ab1 (2720 — ko),
\I/j'\,lk(mlal?) = ) ) )
—2311/)1(2]1$1 - kl)w0(2]2$2 - kg)

We have the following space decomposition:
(LQ(RQ))Q = HN @ chrl,O

with Hy = span{\llgk i j,k € 2% and Heypo = span{\lliuklrl : j, kezZ?).

F1a. 1. Ezamples of divergence-free (on the left) and curl-free (on the right) vector wavelets in
dimension 2.

2. Wavelet numerical algorithms.

2.1. Wavelet Helmholtz decomposition.

2.1.1. Principle of the Helmholtz decomposition. The Helmholtz decom-
position [21, 7] consists in splitting a vector function u € (L?(R%))4, d = 2 or 3, into
its divergence-free component ug;, and a gradient vector. More precisely, there exist
a potential-function p and a stream-function 1) such that

(2.1) u=nugy+Vp and ugy = curl .

Moreover, the functions curl ¢ and Vp are orthogonal in (L2(R%))¢. The stream-
function Y—which we assume to be divergence-free for d = 3—and the potential-
function p are unique up to an additive constant.
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In R?, the stream-function is a scalar-valued function, whereas in R? it is a three-
dimensional (3D) vector function. This decomposition may be viewed as the following
orthogonal space splitting:

(2.2) (L2(RD)? = Hapv,0o(RY) & Heunr o (RY),
where
Haiy o(RY) = {v € (LA(R))? ; div v € L*(R?), div v =0}
is the space of divergence-free vector functions, and
Hewo(RY) = {v € (L*(RY)? ; curl v € (L*(RY)?, curl v = 0}

is the space of curl-free vector functions (if d = 2, then we have to replace curl v €
(L2(R4))? by curl v € L?(R?) in the definition). Let P be the orthogonal projec-
tor onto the space Haiy,0(R?), also called the Leray projector. From the Helmholtz
decomposition (2.1) of u we have Pu = ugjy-

For the whole space R?, the proof of the above decomposition can be derived easily
by means of the Fourier transform. In more general domains, we refer the reader to
[21, 7]. Notice also that Hgiyo(R?) is the space of curl functions, whereas Hey,0(R?)
is the space of gradient functions.

The objective now is to make explicit the Helmholtz decomposition of any vector
field in the wavelet domain.

2.1.2. Iterative wavelet Helmholtz decomposition algorithm. Instead of
the previous orthogonal sum (2.2), the divergence-free and gradient wavelet decom-
positions provide the following (nonorthogonal) direct sums of vector spaces:

(L*(RM)? =Haivo @ Hy,  (LA(RY)? = Hy © Heurl o,

where the spaces H,, = span{V¥}', } and Hy = span{\I/Ek} are generated by the com-
plementary wavelets, as introduced in section 1. These direct sums may be rewritten
by introducing the associated nonorthogonal projectors (see [14] for practical compu-
tations):

V:Pdivv+QnV; v:PNV+chrlv~

Then, applying alternatively the divergence-free and the curl-free wavelet decompo-
sitions, we define a sequence (vP),en € (LQ(Rd))d:

VOZV

vP = ( curl + PN) (Pdiv + Qn) vP = Paiv vl + chrl Qn vP + Py Qn vP.
—_—— —— ) ~—

P P p+1
Vaiv Veurl v

Finally, if this sequence converges to 0 in L2, then we obtain

+oo +oo
_ p _ P
Vdiv = § :Vdiv’ Veurl = § :vcurl'
p=0 p=0

This algorithm has been proved to converge in two dimensions using any kind
of wavelet and in arbitrary dimension using Shannon wavelets [15]. In the case of
Shannon wavelets, we also have the following convergence theorem.
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Haiv o
Hn
v (=v0)
0
vo
div
H,
0
W/ (=v')
1 0
Vaiv Va
v 2
1
Veurl vgu” chrl 0

Fia. 2. Construction of the sequences Vgiv and vf and schematization of the convergence

url’

process of the algorithm with Hy, = span{@}”k} and Hy = span{lll‘li\fk}.

THEOREM 2.1. Let v € (LQ(Rd))d, and let the sequence (VP)p>o be defined by
(2.3) vi=v and VPt =PNQ, vP, p>0,

where Q, and Py are the complementary projectors associated, respectively, with
divergence-free wavelets and curl-free wavelets. If the wavelet ¥y used in section 1
for the construction of divergence-free and curl-free wavelets is the Shannon wavelet,*
then the sequence (VP) satisfies, in the L*-norm,

p
Vi< (55) vl

Experimentally, we also observe the convergence for many kinds of 2D and 3D
wavelets [14] as schematized in Figure 2. This algorithm will be used in section 3, in
the numerical scheme for incompressible Navier—Stokes equations.

2.2. Wavelet solution of the discrete heat equation. As we would like the
numerical scheme to be sufficiently stable in time, we will adopt an implicit scheme
for the diffusive part of the Navier—Stokes equation. Therefore we focus on the scalar
equation

(2.4) (Id—aAu=f, a=vét, f:R? =R

which arises in the resolution of the heat equation, after introducing an implicit time
scheme. We will now present an algorithm for solving such problem, based on wavelet
preconditioners of elliptic operators and related to the works of Liandrat and Cohen
(see [30, 9]). In the vector case, the following algorithm could be applied to each
component of the vector field, but we will prefer to project (2.4) onto the divergence-
free space as indicated later in formula (2.8).

Ly (a) = SRR SRR 1 (€) = €2 X am,rjupr 2] (6)-
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Let (vj,k)jkeze be a multivariate wavelet basis in R?, constructed by tensor-
products of d 1D wavelets. Then we expand the scalar function f into the basis (¢j k)
up to a scale J:

(2.5) f= > dixtik

JkezZd, |j|<J

We gather the wavelets of a same level j in fj = >\ ;e djx ¥jx; then

f= > &5

J€zd, |jl<J
For j = (ji,...,ja), fj is localized in the Fourier domain around a wavenumber equal
to p(27t, 272 ... 294) with p approximating the average spectrum location of the

wavelet ¢ (for instance, optimally p = % for the Shannon wavelet [12]). Then we

introduce

d

2 _ 2 2j;

wy =p E 2%,
i=1

In order to solve (Id — aA)u = f, we start with

1
(26) Uy = E Uj,0, where uj.0 = 72fj,
, 1+ aw;
jezd, |j|<J J
which is a first approximation of the solution.

Then, for k > 0, let

(2.7) Uk4+1 = Uk + Z Hﬁ (fJ — (Id — aA)ukj).
jezd, |jl<J J

This algorithm has been presented in detail in [12], where it has been proved that
the sequence (uy) converges to the exact solution u of (2.4). The convergence rate
depends on «: the smaller « is, the faster the algorithm converges. More precisely, we
have the following convergence theorem.

THEOREM 2.2. Let f be in L2(RY), and let the sequence (uk)k>0 be defined by
(2.6) and (2.7). Using Shannon wavelets in the decomposition (2.5), the sequence (uy)
satisfies, in the L?-norm,

k
3
= ull < ( s [luo — ul,
2022 + 5a

where u is the solution of (2.4) and 6x = 27 the mesh size of the smallest computed
scale.
In particular, this implies that

k
3
o=l < (2) fuo =

which proves the convergence.
But if % < 1 (recall that o = vot), then it could be more interesting to consider
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In practice, since we are working with spline wavelets, the Laplacian Awuy; in
(2.7) is analytically computed and then reprojected onto the finite-dimensional wavelet
basis by a spline approximation. In the following, we will apply the above method in a
divergence-free wavelet basis: in this case, f and u are vector functions, expanded into
the divergence-free basis (¥jx = \I/d‘lz in (2.5)). Since the divergence-free condition
is preserved under the application of (Id — aA), we solve the discrete heat equation
(Id — aA)u = f with div u = div f = 0 by projecting (2.7) onto a finite-dimensional
divergence-free multiresolution analysis (MRA):

1
(2.8) Up41 = U + Z T (f:] — [Pdiv’J(Id - OéA)uk]j),

ow
lil<J

where Pqiy,j is the truncated version of Pg;, introduced in section 2.1.2, meaning the
oblique projector onto the space spanned by divergence-free wavelets of scale index j
such that [j| < J. Since the term (Id — aA)uy, is already divergence-free, the action of
Piv,; reduces to a truncation in scale of the divergence-free wavelet decomposition.
Hence, the resulting error is the usual approximation error in an MRA. We remark
that a similar algorithm could also be applied to the scaling low-pass subband [12] and
that alternatively the lowest scale does not diffuse and does not need to be treated.

3. A numerical scheme for Navier—Stokes equations. Below we present
a divergence-free wavelet numerical method, for the solution of the incompressible
Navier—Stokes equations, written in velocity-pressure formulation (without a forcing
term) in the whole space:

(3.1) { Qu i (u-V)u+Vp—vAu=0, tel0,T], xeR?
V-u=0,
with initial data ug.
Computation of the velocity. First, the velocity u is searched in Hgiy 0(R?) as
a linear combination of divergence-free wavelets. If we denote by P the orthogonal
Leray projector onto Haiy o(R?) (introduced in section 2.1.1, and here expressed in
the wavelet domain), then (3.1) becomes, after projection onto the divergence-free

vector functions,

Ju
ot
The pressure is eliminated, but it will simply be recovered through the wavelet
Helmholtz decomposition of the nonlinear term.

Computation of the pressure. The wavelet Helmholtz decomposition of the non-
linear term (u - V)u reads

(3.2) +P[(u-V)u] —vAu=0.

(u-VIu=Pl(u-V)u]+[(u-V)u],,,, =P[(u-V)u] - Vp.

curl
The divergence-free term P [(u- V)u] is used for the computation of the velocity in
(3.2), whereas the curl-free term is used for the computation of the pressure as follows:
remembering the definition of gradient (curl-free) wavelets given in section 1.2 (2D
case), —Vp in the above decomposition reads

1 , .
—Vp(t,x) = churljk Z V (1(2 w1 — k) -1 (2924 — kq)),



DNS WITH DIV-FREE WAVELETS 1109

which simply gives the pressure imposing [ p(t,x) dx = 0:
1 : .
p(t,x) = 1 D deunjaclt) h1(27 @y — ky) -+ 1 (22 — ka),
jk

where deurjk are the (curl-free) wavelet coefficients of the curl-free part of the nonlin-
ear term. We remark that the computation of the pressure in physical space requires
only an inverse FWT.

We will now focus on (3.2). We will introduce a finite difference time scheme, for
which we will prove the stability, provided a CFL condition.

3.1. Time discretizations and stability conditions. Let §¢ be a time step.
At each time t¢,, = ndt, the exact solution u(t,,x) is approximated by u,, such that

(3.3) u,(x) = Z Z ui'y \I/Jd‘l‘(’(x)

j,max,; ‘j,l(J kez?

Here the divergence-free wavelet expansion is truncated in scale, which corresponds
to a finest mesh size dx = 277, In practice, the sums in (3.3) are finite.

For stability reasons the diffusive term of the Navier—Stokes equation will be
implicitly treated, whereas for simplicity the nonlinear term will be explicitly treated.
We begin with the study of the Euler scheme.

3.1.1. Semi-implicit Euler scheme. The semi-implicit Euler scheme applied
to (3.2) is given by

(3.4) (Id — vitA)u,11 = v, — 6t Pl(u, - V)uy,],

where u,, is expanded into a divergence-free wavelet basis, up to a scale J —1 (3.3). In
the above expression, the gradient operator is exactly computed, whereas the other
operators are approximated. Actually, the operators A and P should be denoted by
A and Py, as they stand for the operators into the discretized wavelet space: Ay =
Piiv,; A and P; = P; P with Py;y s introduced in section 2.2 after formula (2.8). And
Pj is the L2-orthogonal projector onto the discretization space. Nevertheless, we will
keep the notation A and P for readability reasons. Then each time step n is divided
into two parts:

e First, compute the divergence-free wavelet coefficients of P [(un - V)ug]: this
computation is achieved through the reconstruction of u, in physical space
from its wavelet coefficients u'y; then the nonlinear term is evaluated by a
collocation technique in physical space. Finally, the wavelet Helmholtz de-
composition algorithm of section 2.1.2 provides the expected coefficients.

e Second, compute the divergence-free wavelet coefficients uJ”f(rl of u,41 by
using the algorithm described in section 2.2 for the discrete heat equation
solution. As the heat kernel is directly computed in the divergence-free wavelet
basis, there is no need for further projection onto the divergence-free function
space as indicated in section 2.2, (2.8).

Both computations involve an iterative method, but it requires only FWTs. We
will see in numerical tests that in practice these numbers of iterations could be very
low.

L2-stability of the semi-implicit Euler scheme. In this paragraph we proceed to
study the stability of the semi-implicit Euler scheme. We will provide a CFL stability
condition: ¢ < Céx?. This study is inspired by the approach of Temam in his book
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[35] to derive the L2-stability of one-step schemes, including the explicit Euler scheme,
within the framework of finite elements. Here we will limit ourselves to simplified
proofs which will be sufficient for recovering the effective CFL conditions encountered
in the numerical experiments of section 4.

For studying the stability, we assume that, at time step n, we observe a small
error £,. Hence, instead of having exactly u,,—a discrete solution of (3.4), as close to
u(ndt,-) as possible—we have u,, + €,. Then, at step n + 1, the error with respect
to u((n + 1)dt,-) is due, on one hand, to the newly introduced error in the algorithm
(which corresponds to the consistency error) and, on the other hand, to the increase
of the error coming from the previous steps (and which is concerned with stability).

On the other hand, let P;—already introduced at the beginning of this section
3.1.1—be the L2-orthogonal projector onto the discretization space; we introduce the
consistency error as follows. If at time t, = ndt the discrete solution u,, coincides
with the projection of the exact solution P;(u(t,, .)), then we obtain

(35)  ensr = 5 [Py (al(n+ 10, )~ Poulndt, ) ~ (s — )]

(n+1)dt
PJ / 8,511 dt
not

1

= E - (VAun+1 -P [(un : v)“”])?

which leads to

ntt = 52 [Py (altsr, ) = ulta, )]
—vA(Id — vstA) "t (Pru(ty, . ) — 6tP[(Pru(ty,, .) - V) Pru(t,, .)])
(3.6) Y P[(Prultn, .)- V) Pru(ty, .)].

We will assume that the above consistency error is small and behaves at each time
step as

lent1llzz = O(3t) + O(82?),

which means that it is supposed to be of order one in time and order two in space.

Assumptions. Let us assume that the solution u(¢,x) of the Navier—Stokes equa-
tions (3.1) is continuously differentiable in space and that u and its derivatives go
to zero at infinity (||x|| — +00). And let us assume that u,, and its derivatives have
similar bounds as u(¢,x) and its derivatives. Hence,

(3.7) sup [u(t,x)| < 400 and |uy|re < Ao,
te[0,T], xeR4

(3.8) sup  |Vu(t,x)| < +oo and [[Vu,|re < A4y
t€l0,T], xeR4

with Ag a constant close to ||ul|z~ and A; a constant close to || Vul[pe.

A priori estimate. For the stability, the error g, lives in our finite-dimensional
discretization space. We assume, and later verify, the following a priori estimate on
en (cf. inequality (3.18)):

(3.9) lenllzz = O(622).
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We also assume that 6t = o(dz), which means that 2£ — 0 when 6z — 0. This will
be satisfied since we will have §t < Cdz2 as a CFL condition.

Proof of stability. If we prove that there exists a constant C' (which will depend
on Ap and A;) such that ||ep41] < (14 C6t)||en]|, then the scheme is stable, in the
sense that an initial error propagates in time within a fixed bounded domain. In our
case, we will recover the L?-stability thanks to the following well-known result ([21,
Chapter IV, Lemma 2.1]).

LEMMA 3.1. Let u,v,w € H' (R4, H' denoting the Sobolev space, be such that
(u-V)v,(u-V)w e L2. Ifu € Hyiy o(RY), then

(v,(u-V)W)rz = —((u-V)v,w)re.

Here we first used integration by parts and then the fact that divu = 22:1 Opu = 0.
Remark 3.1. This result is still valid on an open set {2 with slipping conditions
u-n = 0 on the boundary 92, with n the normal to ).
COROLLARY 3.2. Let u,v € HYRY be such that (u-V)v € L2 Ifu €
Hgiy o(RY), then v L (u-V)v for the L? scalar product, i.e.,

<v,(u-V)v)Lz:/ v-(u-V)vdx =0.

xcRd

Proof. We apply Lemma 3.1 with w = v and get (v, (u-V)v) = —((u- V)v,v).
Remark 3.2. This result also yields orthogonality between the vectors v and
(v V)v for v € Hyiy o(R9).
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THEOREM 3.3. An error &; equal to £g = O(62%) at time t = 0 propagates in the
wavelet numerical scheme (3.4) bounded by

A2
NG

letllze <e "lleoll 2,

where Ag and Ay are the constants depending on u introduced in formulas (3.7) and
(3.8), 0t the time step, dx the mesh of the smallest computed scale, and X a constant
close to 1.

Then the scheme (3.4) is stable under the CFL condition 5‘57’52 < C for a fized

constant C' > 0 which can be chosen equal to QAAQ, for instance.
0

Proof. If we want to estimate the propagation of the error &, then from the
scheme (3.4) we obtain

(3.10)  (Id — votA) (upt1 + ent1) = uy + &5 — P [((0y, + &0) - V) (uy, +€5)]
Then the sequence &,, satisfies
(3.11) (Id — vitA) epi1 = — 0tP[(€r - V)up + (W - V)en + (en - V)en]

We apply Corollary 3.2 to &, € Hgiy0(R?), and by orthogonality of &, to all gradient
functions we have

en L (u, Ve, = &, LP[(u,-V)e,].
and
enL(en Ve, = e, LP[(en-V)en].
Then, denoting 1, = P[(u, - V)e, + (en - V)ey], we get
llen = mdtll72 = lenllZe + lImnll720t

and

2 g2\ 1/2 2
len = mndtl L2 = llenll L2 (1 + 7H77”HL22& ) < llenllzz + Imllze 50
llenll72 2[|en]| L2
since (1 +2)/2 <1+ £ Vx> —1.

The discrete solution u,, = P;(u,,) is a truncated wavelet expansion as indicated
in formula (3.3), and the stability error €, lives in the same discretization space. Then
the differentiation operator will multiply &,, by only (6x)~! at most. Hence, we have
the following bound:

[l = [P [(an - V)en + (en - V)en] Iz < [(Wn - V)en + (en - Vel L2
< lanllzeslenlmr + llenllzelen|m-
On the other hand, let ¢,, = Zik d; kV; k be the wavelet expansion of €,. Then each

partial derivative writes 0;e, = Zj_k 2ji+2dj,k\11f"'k (where 9;¥ = 4¥%). The norm
equivalence provided by the wavelet decomposition in Sobolev spaces leads to

d
i J lenll L2
312 Jealn | S IBE < 270 VA e ~ S



DNS WITH DIV-FREE WAVELETS 1113

since 0z = 277,
Now let e, = >, c7x® sk be the scaling decomposition of e, the scaling functions
1 = ®(27x — k) being L>-normalized ||®x||L~ = 1. Then

_Jd _Jd d
lenllzz ~ 12772 crxllee > 2772 |lesxlles = 022 |kl es-
Since

llenllnoe ~ [lesxlles [Pkl ~ [lesxlles

we obtain the following result:

lenllz>
(313) lealle S T2
This leads to
e~ Afllenllze lenllze | llenllZa
14 < A L L
(314 Aenlle ~ 2002 | 05p2rdR T o5t
Moreover,
(3.15) [[6tP [(en, - V)uy] |lzz < 0tllen]|L2||Vunllne < 0tA:llen] L2
Finally,
A ot? lenllz2dt> | | llenl?
| (Id — vitA) epii|zz < (1 + /\70@ + Ay 532”/2 + /\25;2%5# + Alét) llenllz2

for some A constant (close to 1). Thanks to a priori assumptions (3.9), |lenllrz =
o(6x4/?), for d = 2, 3, since % < 2. This leads to
A% 6t
|| (Id — vétA)epta|lpz < | 1+ A?ﬁ + A1 +o(1) ) 6t llenlLe-
Any role played by the discrete heat kernel would be favorable for the L2-stability since
lent1llrz < || (Id — vdtA) ept1] 2. For a first stability condition we use this inequality
(neglecting the role of (Id — vdtA)); then we have the following CFL condition:
ot
3.16 — <C
(3.16) =5 <
for some C' > 0 constant. Or, if we want something more precise, a good choice should
be

A% ot
2 0z?
The stability is then guaranteed since, for an initial error eg € L? with ||eo||z2 =

O(6x?) at time 0 (this assumption on ||eg| 2 comes from the consistency assumptions
and from 6t < Coz?),

(3.17) = A

A2 6t T/et NE .
(318) ||€T/6tHL2 é (1+)\(7@+A1> 5t) H&()HLz ge (T@Jr 1) ||50HL2
with A a new constant close to 1 which includes the term o().

A2
Under the CFL condition, A 52 AT 5 hounded by a constant. Then
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lerysille = O(82?).
Hence, we obtain the a priori estimate (3.9).

Remark 3.3. The stability condition ¢ < Cdz? should be compared with the
usual CFL condition §t < C'dx which is weaker and more interesting. In practice, we
observe a stability condition 6t < Cdx? for the Euler scheme (3.4) which confirms the
theoretical CFL condition (3.16).

Remark 3.4. If we just had

En+l = En + 5t7]n

with no orthogonality between ¢,, and 7, then the stability would not hold since

A
lewialze ~ eallzs + nalzzdt ~ (14520t enlz

and then

Ao
lezssille ~ 570l
which goes exponentially to infinity for dx — 0.
Now we take the implicit Laplacian into account. Assume that we first apply the

implicit Laplacian and then the convection term; then
Wiy = (Id — v6tA) ", — 5tP [((Id —ustA) My, - V) (Id — vtA) ! un]
and so
eni1 = (Id = vOLA) " ey = 8P [((Id — vtA) Ve, - V) (Id = v3tA) ' u,
+((Id - vstA) - V) (Id — votA) ! gn} .

We neglect the last term (e, - V)e,, in comparison with (3.11) since it does not play

any role. As (Id — I/(StA)_l €y, 18 divergence-free, we have the same orthogonalities as
in (3.11). We replace the bound for |, |1 by

|V (Id — v6tA) ' enll2 < sup <1-|—

—1
V‘St) lenllre < lenlle
dr<a<4oo

a? a T 2Vt

1

NI the maximal value

where « represents the different computed scales, and with

-1
of a1 (14 l(’y—‘szt) . Hence, we have

A2
(3.19) llentallLe < <1 + <8—£ +A1> 5t> llen]|L2-

Hence, we have unconditional stability. But one has to remark that this is interesting

A

2
only if g2 < Ay, that is, for low Reynolds numbers.

Conclusion. The stability conditions of the semi-implicit Euler scheme are sum-
marized:

If
A(Q) S 81/A1,

then the scheme is unconditionally stable; otherwise the scheme is conditionally stable
under the CFL condition

5t < Coa?

with C' > 0 a constant.
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3.1.2. An order two time scheme. In the numerical experiments of section
4, we will use a second-order central difference scheme for incompressible flows based
on velocity variables. This scheme was presented in [27], where the authors noticed
its robustness with no further justifications. In the following, we will prove that a
CFL condition can be derived from the divergence-free condition, like for the Euler
semi-implicit scheme.

This order two central scheme proceeds with an intermediate step u,41/2 as
follows:

(Id - V%A) e %}P’ (0, - V)uy,],

ot v
(3.20) (Id - Z/EA> U,t1 = Uy, + 0t (aAun - P [(un+1/2 . V)unH/Q]) )

Like for the Euler semi-implicit scheme, the operators A and P should be denoted
by A and P;, as they stand for the operators into the discretized wavelet space:
Ay = Pyiv,; A and P; = P;P. But we will keep the notation A and P.

In this scheme, the nonlinear term (u-V)u and the heat equation are handled in
two different manners, both second order in time:

e The central point u,;/2 (computed by an Euler explicit method for the
nonlinear term and an Euler implicit method for the heat equation) is used
only for the computation of the nonlinear term contribution u,+; = u, —
otP [(un+1/2 . V)un_;’_l/g] .

e The heat equation is solved by the order two scheme (Id - V%A) Uyt =
(I d+ V%A) u,.

This treatment of the nonlinear term improves the stability condition. The L?-stability
is guaranteed by the CFL-like condition 6t < C'dx*/3.

L?-stability of the order two central scheme. The problem of L2-stability of this
scheme is addressed in the book by Wesseling [40]. Nevertheless, the techniques used
in this book rely on a linearization followed by a Fourier transform. Here we will use
a different technique which is slightly simpler: we show that, under some condition on
the time step, a small perturbation is not amplified by the numerical scheme.

In the following computations, we do not take into account the diffusion term.

LEMMA 3.4. Let us assume that (3.1) has a C? solution u(t,x). A small error e,
with ||len||Lz = O(02?), on u,—a discrete solution close to u(ndt,-)—in the wavelet
numerical scheme

ot
Upy1/2 = Up — EP [(un : v)un] )

(3.21) Upt1 = u, — 0tP [(un+1/2 . V)unﬂ/g}

becomes, at step n+ 1, e,41 whose L?-norm is bounded as follows:
sttt

(3.22) llensallee < (14 >\86x4 Ag + 0tA; + 0()ot | |len|| L2

with A a constant close to 1 and o) a function going to 0 under the condition
ot < Céx.
Proof. We replace u,, by u,, + &, in the equations (3.21):
ot
un+1/2 + 5n+1/2 =up +éep — 5 (]P [(un : V)un] +P [(en : V)un] +P [(un ’ V)€n]
+ Pl(en - V)en]) .



1116 ERWAN DERIAZ AND VALERIE PERRIER

Then

Upt1 +Ept1 = Up +Ep — otP [((un+1/2 + 6n—i—1/2) ' v)(un—i-l/Q + 6n—i—l/Q)} .

Then we gather all of the most important terms and obtain
2

o B (- V)P [(wn - V)en]] = 5P [(0 - V)un] + o).

Entl = en — OtP[(uy - V)e,] + 5

Then, on one hand, thanks to Corollary 3.2, we have the following:
o P(u,-V)e,] Ley.
o (u,-V)P[(u, Ve, LP[(u, - V)e,]
= P[(u, - V)P[(u, - V)e,]] LP[(u, - V)ey,].
And, on the other hand, thanks to Lemma 3.1, as dive,, = 0,
(en, P(un - VIP[(uy - V)en]]) = (en, (un - V)P [(un - V)ey])
= —((un - V)en, Pl(un - V)en])
= —(P[(un - V)en] , P{(un - V)en])
(3.23) = —[IP[(u, - V)eu] |72

Then the computation of ||, 41|22, taking apart 6tP [(g,, - V)uy,], yields
lent1 + 6t [(en - V)un] 72 = llenl|Z2 + 08 [P [(un - V)en] [|72

(3.24) +6t*(en, P[(uy - V)P [(uy, - V)en]])

+ 2B (0 I (0 - el + 0001

= llenllZ> + %I\P[(un V)P [(u - V)en]] 172 + o)t

ot lenll?
< llealfs + A luallf o

+ o()ot,

where we used |e,|p2 < )\% with A a constant close to 1 similarly to inequality
(3.12).
Taking the square root of the latter expression and isolating €,,4+1, we obtain
5t

lewsils < 1P Hen - D o + (14 Agis 48 + 005t ) el

which allows us to conclude by applying inequality (3.15) to the term ||P [(g,, - V)u,] || 2.
THEOREM 3.5. The central numerical scheme (3.20) is stable under the CFL-like
condition

(3.25) 5t < Coxt/3

with C' a constant.
Proof. A stability condition for the scheme (3.20) is

lentallze < (1+C6t) [lenl| L2
with C' a constant. According to (3.22), this means that

ot
1+ AWA?) +6tA; + o)t < 1+ Cot
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for some constant C. This is equivalent to the existence of a constant C’ such that
5t < C"6x*/3.

Remark 3.5. For the order two central scheme with divergence-free wavelets
(3.20), we observe numerically the stability condition ¢ < Csz'/3.

Remark 3.6. In a similar fashion, explicit numerical schemes of order 2p in time
show a CFL-like stability condition 6t < Cdz(2P+2)/(2p+1) gt worst, for the incom-
pressible Euler equation [13].

3.2. Wavelet adaptivity in space. At each step n of the time discretization
(semi-implicit Euler scheme (3.4) or order two scheme (3.20)), the solution u,, and the
nonlinear term P [(u, - V)u,] are expressed in terms of divergence-free wavelet coef-
ficients. Moreover, computing the divergence-free wavelet coefficients of the solution
at the next time step u,1 requires only FWTs (Appendix C).

Therefore we will sketch in this section an adaptive method for the computation
of the solution u. The adaptivity is based on the wavelet expansion of u,, (3.3) applied
to the numerical scheme (3.20).

At each time step n, we first find a set A, of active wavelet coefficients. The
other coefficients are ignored and cancelled. Suppose that the set A,, has IV elements
(#(A,,) = N); the computed solution u,, is then replaced by u?':

uy (@) = )l Ui(x).

AEA,

To define the set A,,, we consider the two wavelet decompositions of the velocity
u, () = Y uf UiV(x)
A

and of the nonlinear term

Pl(u, - V)u,] = Zd;\l \I/S\livv
A

where the wavelets \Il(ii" are supposed to be L?-normalized. Let o9, > 0 and o1, > 0
be two threshold parameters. Then the index A is activated if |u}| > o, or |dY| > 014
in the previous expansions, which leads to

An:{AeAv |u§|200n or |d&l|20—1n}7

where the set A of indexes depends on the type of decomposition we use. For anisotropic
wavelets, A = (i,j,k) € [1,...,d — 1] x (Z%)?, while for isotropic wavelets, A =
(i,e,5,k) € [1,...,d — 1] x {0,1}%* x Z x 74 [16].

The first threshold og,, corresponds to the nonlinear approximation of u,, provided
by the N-best term approximation of the wavelet transform [9]: it allows us to store
valuable information on u,,. The second threshold o7, takes into account the future
changes in the wavelet decomposition of the velocity.

This thresholding procedure is applied at each time step of the divergence-free
wavelet scheme, and corresponding numerical tests are presented in section 4.2.

Unfortunately, we will see in numerical experiments that anisotropic wavelets
are not well suited for adaptivity, because of their supports, which can be highly
elongated, mixing large scales in one direction with small scales in the other one.
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We will remedy this problem by using “generalized” divergence-free wavelets, which
are a mix between isotropic divergence-free wavelets and anisotropic divergence-free
wavelets. These wavelets were first introduced in [11] and extensively detailed in [16].
Below we explain their construction in dimension 2.
Let m € N. The “generalized” divergence-free wavelets are composed of the vector

wavelets

) o j1 _ J2 _
o pdiv(LD) _ 22401 (27 1 — k1 )90 (27722 — ko) with [j1 — jof < m,

ik T 27027y — Ry ) (27220 — ko)
o pdiv(L0) _ —272724p1 (2701 — k1) (po (27229 — ko) — o (27229 — ko — 1))
Jk B 2j1w0(2]1$1 — k1)<p1(2]2$2 — Ifg)

with jo = 51 — m,
o v OD) _ 2721 (27 21 — k1 )0 (2222 — k2) 4
ok =217 2(po (2 w1 — k1) — o(2 21 — k1 — 1)1 (27222 — k)
with j1 = jg —m,
where ¥] = 41y and ¢} = po(.) — po(. —1).
The corresponding complement functions used for the divergence-free wavelet
transform are

n() _ | 2020wy — ko (22w — k) L
e N o T S B
J1p, — J2 e
° \I/;l((LO) _ 8#1(2 T k1)<p0(2 T k?g) with jg _ j1 —m,
no1 _ 0 , e
o Vi = 0o (2121 — k1 )by (20239 — ko) with ji = j2 —m.

For m = 0, these wavelets are the usual isotropic divergence-free wavelets intro-
duced by Lemarié [28].

Contrary to anisotropic wavelets, the supports of these wavelets do not lengthen
and allow one to refine the grid locally. Notice also that with these “generalized”
divergence-free wavelets the algorithms of sections 2.1.2 and 2.2 converge as well,
with satisfactory convergence rates (except for the isotropic wavelets m = 0). The
particular case m = 1 gives quasi-isotropic functions, with a good behavior for the
convergence of the wavelet Helmholtz decomposition.

4. Numerical experiments. The experiment on which we apply our method
is the three vortex interaction. This experiment was originally designed by Farge
and Kevlahan and is often used to test new numerical methods [34, 6, 22]. In order
to provide a reference solution, the experiment of [6] was first reproduced by using
a pseudospectral method, solving the Navier—Stokes equations in wvelocity-pressure
formulation.

The initial state is displayed in Figure 3, left. In the periodic box [0, 1]2, three
vortices with a Gaussian vorticity profile w;(x) = A;me= 4 (m1—ai)*+(22-5)%) are
present:

— one is centered at (a1, 1) = (3/8,1/2) with amplitude A; = 1;

— one is centered at (az,f2) = (5/8,1/2) also with amplitude Ap = 1;

— and one is centered at (a3, 33) = (5/8,1/2++/2/8) with amplitude Az = —1/2.

The negative vortex is here to force the merging of the two positive ones. The
time step is 6t = 1072 and the viscosity v = 5.107°. The solution is computed on a
512 x 512 grid.

The vorticity fields at times ¢t = 0, 10,20, and 40 are displayed in Figure 3. The
second row of Figure 3 displays the absolute values of the isotropic divergence-
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Fia. 3. Vorticity fields at times t = 0, 10, 20, and 40, and corresponding isotropic divergence-free
wavelet coefficients of the velocity fields, for the reference solution, given by a pseudospectral method
on a 5122 grid.

free wavelet coefficients of the wvelocity field at corresponding times, with a L°°-
normalization. This time evolution of the wavelet modes can be compared to the
time evolution of the wavelet coefficients of the worticity field presented in [34],
with isotropic orthogonal scalar wavelets: divergence-free wavelet coefficients are
concentrated on zones with high energy (around structures and in strain zones),
whereas wavelet coefficients of the vorticity fields are concentrated on zones with
high enstrophy (inside vortices and in strain zones). In both cases, the wavelet maps
give a good illustration of the sparsity provided by the wavelet decomposition of flows
containing coherent structures.

4.1. Full divergence-free wavelet code. We show in this part the results
of the three vortex interaction provided by the anisotropic divergence-free wavelet
method described in section 3.1.2. To construct divergence-free wavelets, we have
used the spline wavelets 1y of order 2 and 1, of order 3, represented in Figure 4.

The velocity field was computed on a 2562 grid with 6¢ = 0.02 and v = 5.107°.
For this simulation, we do not use any threshold on the wavelet coefficients. At each
time step, we compute the wavelet Helmholtz decomposition of (u,, - V)u,, with 7
iterations of the algorithm of section 2.1.2, taking the result of the previous step as
the initial guess. The nonlinear term is evaluated by collocation in physical space.
We also solve the discrete heat equation with 3 iterations of the method described in
section 2.2. These (fixed in time) numbers of iterations have been chosen to provide
a sufficient accuracy.
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Fic. 4. Scaling spline functions and associated spline wavelets of order 2 and 3 related by
differentiation: ¥} = d1bg.

The time evolution of the vorticity field (reconstructed from the computed velocity
field) is very similar to Figure 3. Hence, the results are close to the reference solution.
Notice that this code uses only wavelet transforms.

We also observe the time evolution of active divergence-free wavelet modes.
Figure 5 represents the evolution in time of the ratio of wavelet coefficients (in L?-
normalization) above some fixed threshold. Let g = sup(|u}|) (= 0.066062) be the
maximal value of the divergence-free wavelet coefficients of the initial velocity field.
We introduce 7 values for the threshold parameter: e; = /4" (1 < i < 7), and we
plot the ration of wavelet coefficients of u,, verifying |u%| > ;. The lowest threshold
represented is £0/16, 384.

0.08

0.07

0.06

0.05

0.04

0.03

0.02

ratio of wavelet coefficients

0.01
SRR Nm,—o\M Mf\'\mf—_»_-
[ ]
0
0 5 10 15 20 25 30 35 40

time

Fic. 5. Time evolution of the ratio—there are 2562 of them in total—of
anisotropic  divergence-free  wavelet  coefficients of the solution wu, above thresholds
equal to ;i = eo/4* for 1 < i < 7 (each curve corresponds to a different threshold
e; € {16.5E — 3, 4.13E — 3, 1.03E — 3, 258E — 6, 64.5E — 6, 16.1E — 6, 4.03E — 6}).

One can observe that, for this experiment, the complexity of the flow structure
increases until reaching a maximum at time ¢t = 22 and then decreases slowly.
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4.2. Towards an adaptive divergence-free wavelet code, using aniso-
tropic wavelets. We investigate in this section how the numerical wavelet scheme
behaves with thresholding the wavelet coefficients. As the implementation of a fully
adaptive wavelet scheme is heavy (and still in progress), we just compute the evolution
of the solution by filtering, at each time step, the wavelet coefficients of the velocity and
of the nonlinear term. In practice, at each time step of the full anisotropic divergence-
free wavelet code, we eliminate the wavelet coefficients below the thresholds o (for
the velocity coefficients) and o7 for the divergence-free part of the nonlinear term, as
explained in section 3.2. The thresholds oy and o, are chosen according to empirical
criteria.

Figure 6 displays the time evolution of the wavelet coeflicients above the
thresholds for the velocity, for the nonlinear term, for the intersection of these two
sets, and for their union, this last one representing the number of active modes.

0.10
0.09 |
0.08 7
0.07 7
. i
= 006 |
(o) i
8
Lq‘:: 0.05 7
[5) 4
S yos-
— 0.04
5 |
.S 003
] | - d(u)>s0 | d(u.Du)>s1
002 7 = d(u)>s0
001 1 - d(u.Du)>s1
1 = d(u)>s0 & d(u.Du)>s1
0.00 T T T T T T T T T T T
0 5 10 15 20 25 30 35 40

time

Fia. 6. Time evolution of the ratio of anisotropic wavelet coefficients above the thresholds:
Starting from the bottom, the second lowest curve represents coefficients of the nonlinear term above
o1 = 32E — 6, the third lowest curve those of the velocity u, above o9 = 6E — 6, and the lowest
curve the intersection of these two sets, and the uppermost curve is the union of these two sets.

The solution obtained presents no perceptible differences when compared with
Figures 3.

Figure 7 displays the L? relative error between this numerical solution and the
reference solution of Figure 3. This error is compared with the error obtained for a
pseudospectral code with the same number of grid points (2562). One can notice that
neither the use of wavelets nor the thresholding destroys the accuracy of the solution.

For higher thresholdings, the effects of the anisotropy begin to be visible. These
effects are already clearly present in Figure 8, where both thresholds oy and o3
were multiplied by 3, but without destroying the solution. And the evolution of the
thresholding gives satisfactory results: the maximum ratio of active coefficients goes
to 6% instead of 10%, and the evolution of the curve follows the complexity of the
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FiG. 7. L? relative errors for the pseudospectral code (lower curve) and the filtered wavelet code
(upper curve), corresponding to Figure 6, on a 2562 grid, compared with the reference pseudospectral
solution.
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Fia. 8. Time evolution of the vorticity, reconstructed from the velocity provided by the filtered
wavelet code (2562 grid, anisotropic divergence-free wavelets).

flow.
On the contrary, we see in Figure 9 that if we take a higher threshold with a
maximum of 4.5% of the coefficients, then it leads to a nonadmissible final result.

4.3. Filtered divergence-free wavelet code, using “generalized” wave-
lets. We have remedied the problem of anisotropy induced by thresholding by using
“generalized” divergence-free wavelets which are a mix between isotropic divergence-
free wavelets and anisotropic divergence-free wavelets. These wavelets have been de-
fined in section 3.2. We choose to use quasi-isotropic wavelets, corresponding to the
parameter m = 1, which are a good compromise between isotropy and convergence of
the Helmholtz algorithm of section 2.1.2.

We have tested these wavelets with the experiment of the three vortex interaction.
We display the results in Figures 10 and 11.

Even with a rather high threshold (a maximum of only 5% of the wavelet co-
efficients is needed), the quality of the solution remains reasonably good. And the
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ratio of wavelet coefficients
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F1G. 9. Ratio of active coefficients for a high thresholding (on the left): The lowest curve rep-
resents coefficients of the nonlinear term above o1 = 160E — 6, the middle curve represents those of
the velocity u, above oo = 30E — 6, and the upper curve is the union of these two. The final result
at t = 40 (on the right), on a 2562 grid, uses anisotropic divergence-free wavelets.
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Fic. 10. Ratio of activated wavelet coefficients in the case of “generalized” divergence-free wa-
velets on a 2562 grid with thresholds 01 = 20E — 6 and o9 = 5E — 6.

thresholding evolves in a satisfying way. We do not observe the appearance of lines
on the whole domain as in the case for anisotropic wavelets in Figure 9. Even when
we compare these results with those in Figure 8, we notice an improvement.

Conclusion. We derived in this paper a new numerical divergence-free wavelet
scheme for solving Navier—Stokes equations. The proposed method relies only on
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Fia. 11. Time evolution of the worticity, reconstructed from the welocity coefficients on
“generalized” divergence-free wavelets, with thresholding corresponding to Figure 10, on a 2562 grid.

FWTs and is perfectly fitted for adaptivity. Nevertheless, work should be done to
optimize this in practice and take more advantage of wavelets.

Until now, the use of divergence-free wavelets was limited to linear problems
such as the Stokes problem [36] or the equations of electromagnetism [38]. This
limitation was due to the nonexistence of divergence-free wavelet algorithms dealing
with nonlinear terms, like (u - V)u for the Navier-Stokes equations. The investiga-
tion of anisotropic divergence-free wavelets and, more specifically, the invention of
“generalized” divergence-free wavelets [11] enable such an algorithm (see section 2.1.2
or [16]).

The numerical stability of this numerical scheme is fulfilled under a CFL condition
and is mainly due to the use of divergence-free wavelets that allow one to verify exactly
the divergence-free condition (divu = 0).

Extensive numerical tests on the experiment of three vortex interaction were pre-
sented. The results provided by the new divergence-free wavelet method can be com-
pared to those obtained in [22]. In [22], Griebel and Koster use anisotropic interpolating
wavelets and a Poisson solver for the same experiment (three vortex interaction), the
equations being written in velocity-vorticity formulation. With 10,000 degrees of free-
dom, their results are of lesser quality (ibid. “overestimation of the rotation of the
cores of the vortices”) than the ones we obtain with 3,500 degrees of freedom. The
computational time for the full wavelet code is about four times the Fourier code in
the periodic case for which the Fourier spectral method is known to be nearly optimal.
But the interest of such wavelet method is that it can be extended to other boundary
conditions, such as Dirichlet or Neumann boundary conditions, using wavelets on the
interval satisfying homogeneous boundary conditions (see, for instance, [33]). To deal
with complex geometries, wavelet methods can be incorporated into a fictitious do-
main approach, and, in this context, adaptive codes are also available [2]. Last, while
only results in dimension 2 are presented in this paper, our divergence-free wavelet
method extends directly to dimension 3.

Appendix A. The “generalized” wavelet transform in two dimensions.
The “generalized” wavelets make a compromise between isotropic wavelets and ani-
sotropic wavelets as indicated in section 3.2. In the periodic case (T?), for m > 0,
the “generalized” wavelet transform in the MRA (¢1 ® 1)2) is given by the following
operations:

271

f(z1,22) = Z crepr (271 — kr)@2 (2720 — ka).
ot ,ka =0
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The first step consists in performing an isotropic transform:

J—1 27-1

f(z1,20) = Z Z dg-lkl)ﬂ)l@jm — k1)pa (2720 — ko)

7=0 kq,k2=0

d(.lo)il) (jSl:l — Ifl) Q(jSl,'g — kg)
(A.1) +d< 01(2021 — k1)ha (20 g — ks).

Some additional wavelet transforms for d(.llg )
x1-direction yield the “generalized” wavelet transform:

J—1 27 -1

flaves) = Y [ > dglj) W1 (221 — k1) (20 — ko)

j=0 \k1,k2=0

m 29-129"%2_1

3N Y Al @ — (2 — k)

lo=1k1=0 k2=0

m 29 f1-1201

11 — 1
£ S Al e @ e — ke (2T — k)

l1=1 k1=0 k=0

27 _12i—™

EYY @ - kg

k1=0 k2=0

29-m 127 -1

+ Z Z dé?l)mj k(pl 2] mxl kl)'l/}Q(ijQ — kg)

k1=0 k2=0

If m = 400, we have the anisotropic transform:

J—1 271-1 2721

flan) = > Y Y dun(2 @ — k1 )ya(22s — ko).

J1,J2=0 k1=0  k2=0

1125

in the xy-direction and for d;okl ) in the

In all of the previous equations we noted that ;00 = @;00 = 1 on T2. These trans-

forms are schematized in Figure 12.

Appendix B. Divergence-free wavelet transform in the “generalized”
case in two dimensions. In the following the wavelets ¥ and vy are linked by
derivation: ¢} = 41)g. First, we apply the “generalized” wavelet transform as defined

in Appendix A to a vector function u on T?:
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c
Jk
€
jk
scaling coefficients isotropic transform
e
|
€
dik ik
anisotropic transform generalized transform (m=1)

Fia. 12. Coefficient repartition for the isotropic, anisotropic, and “generalized” 2D wavelet
transforms.

27112921

up = Z Z Z dgﬂll)(wl gy — kl)wo(zth — k)

0<j1,j2<J =1, [j1—j2[<m k1=0 k2=0

J—1 291 —12/1-m_

" Z Z Z 1(]1J1—m)kw1(2j1$1 - k1)<p0(2j1—mx2 — k2)

Ji=m k1=0 k=0

J—1 292=m _1992_1

+ Z Z Z dl (JQ—m,jz)kQOl(Zjé—mxl - k1)¢0(2j2$2 - k?2)

Jje=m k1=0 ko=0

27112921

vz = Z Z Z déljll)cw (27121 — k1)1 (2239 — ko)

0<j1,j2<J =1, [j1—j2[<m k1=0 k2=0

J—1 271 _1201—m™

PP Z 2(]1 er)k%@ﬁxl — k1)p1(2" "y — ka)

Jji=m k1=0

J—1 292=m_19292_1

+ Z Z Z 2 (]27m jz)k¢0(2j2_mx1 - kl)wl (2j2$2 - k?g)

Jje=m k1=0 ko=0

Then we obtain the decomposition

_ div e 1,div e n e
u= E dJ * \I/ + dj7k
e,k
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with the wavelets U4Ve and U"¢ introduced in section 3.2. The wavelet coefficients
dilll’e and dj' g are given by

. jo 7(11) i1 g(11)
gAiv (1) _ 22d 52y
j.k - 2271 42272 ’

S OD PR
J.k - 2271 42272 ’

div (10) _ i 4(10)
dip " =27y

n (11 10 2 4(10 2 4(10
dj,l(c ):dgjl)c+2 " Qdéj,l)c_z " Qdéj,gkl,lm—l)’

and

div (01 —j 01
dj,k( ) =9 hd(lj,l)(’

n(01) _ 5(01) —m—2 ,(01) —m—2 4(01)
dj,k _d2jk_i_2 " 2dlj,k_2 " lej,(kl—l,kz)'

Appendix C. Order two Navier—Stokes numerical scheme. We present
the pseudocode corresponding to section 3.1.2 in dimension 2.
Subroutines.
e fast divergence-free wavelet transform: d4V = FWTgiv(c), where
¢ = coeflicients of the discretization of a vector function u on the scaling
functions (v1¢0, Pop1);
e inverse fast divergence-free wavelet transform: ¢ = IFWTg;, (d4V);
e wavelet Helmholtz decomposition: d"V = WHD(u, d3", It), where
u = vector function to decompose: u = Ugiy + Ucurl, Udiy = 9 v div,
ddv = initial guess for d4v,
It = number of iterations;
e implicit heat kernel integrator: d{iV = IHKI(d$V, o, It), which
solves (Id — aA)u = v with given v = Y d$V¥4v and unknown u =
Z dclliv \deiv.
Navier-Stokes solver order two.
Loop on time t,, = ndt
L. (cq) = IFWTg;, (dd") (computation of uy)

. (cau,) = approximation of Au, in the MRA (190, pop1)
. (dg,l_l\;) = FWTdiy(CAun) ) )

10. dgiy = THKI(ag™ + 6t (—dgy, |+ 5dfi), 4%, Tty
End of the loop

2. ugu, = (up - V)u,

3. dig, = WHD(ugus, dgy, , . Tta)

4.0y, = THKI(d™ — 5Py | 4, It,)

5. (Cnt1/2) = IFWTdiV(dﬁi’l/z) (computation of u,4/5)
6. uguy 12 = (un+1/2 : v)un+1/2

7. dign,, = WHD(ugua1/2, dggy,  Tt1)

8
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